The general sum-connectivity index of a graph G is defined as
Introduction
The Randić connectivity index, proposed by Randić in 1975 [1] , is the most used molecular descriptor in structure-property and structure-activity relationships studies [2] [3] [4] [5] ; see [6] for a survey. It has been extended to the general Randić connectivity index in [7] .
Let G be a simple graph with vertex set V (G) and edge set E(G). For u ∈ V (G), Γ (u) denotes the set of its neighbors in G and the degree of u is d u = d G (u) = |Γ (u)|. The general Randić connectivity index of G is defined as [7] R α = R α (G) = − uv∈E(G)
where α is a real number. Then R −1/2 is the classical Randić connectivity index [1] . Properties of the general Randić connectivity index and especially the classical Randić connectivity index may be found in, e.g., [8] [9] [10] [11] . For convenience, we call R −1/2 the product-connectivity index of G and R α the general product-connectivity index of G. The sum-connectivity index was proposed in [12] and it is found that the sum-connectivity index and the productconnectivity index correlate well among themselves and with the π -electronic energy of benzenoid hydrocarbons [13] .
More applications of the sum-connectivity index may be found in [14] . Recently, this concept was extended to the general sum-connectivity index in [15] . The general sum-connectivity index of the graph G is defined as [15] 
Then χ −1/2 is the sum-connectivity index [12] . For a graph G, the first Zagreb index M 1 (G) and the second Zagreb index M 2 (G) are defined respectively as [16, 17] 
Both Zagreb indices are employed as molecular descriptors in structure-property and structure-activity relationships studies, e.g., [18, 19] . The general product-connectivity index generalizes both the product-connectivity index and the second Zagreb index, while the general sum-connectivity index generalizes both the sum-connectivity index and the first Zagreb index [15] .
For a tree G with n ≥ 4 vertices, it was shown in Proposition 3 of [15] that if α > 0, then
with left (right, respectively) equality if and only if G = P n (G = S n , respectively), and if 0 > α ≥ 1 − log 2 log 4−log 3 = −1.4094 . . . , then the inequalities are reversed with lower bound holding for all α < 0. Here the symbols P n and S n stand for the n-vertex path and the n-vertex star [20] , respectively. Note that, trivially, the inequalities on χ α (G) above hold for α = 0 (and all n ≥ 1) and for n = 1, 2, 3 (and all α, with equality), too.
We note that the condition 0 > α ≥ 1 − log 2 log 4−log 3 = −1.4094 . . . above may be extended a little to 0 > α ≥ α 1 , where α 1 = −1.7036 . . . is the unique root of the equation
Let Q be a connected graph with at least two vertices. For a ≥ b ≥ 1, let G 1 be the graph obtained from Q by attaching two paths P a and P b to u ∈ V (Q ), and G 2 the graph obtained from Q by attaching a path P a+b to u.
α is increasing for x ≥ 3 if and only if (x + 1)
. Now the extension follows from this consideration, together with the proof of Proposition 3 in [15] . Thus the minimum value for the general sum-connectivity indices of n-vertex trees is known for all α and the maximum value is known for α ≥ α 1 .
In this note we determine the maximum value and the corresponding extremal trees for the general sum-connectivity indices of n-vertex trees for α < α 0 , where α 0 = −4.3586 . . . is the unique root of the equation
Two lemmas
We need two lemmas that will be used in our proof. 
If r = 1, then it is easily seen that
and thus χ α (G 1 ) < χ α (G 2 ). Suppose that r ≥ 2 and all neighbors of u and v in G 2 have degree at least 2. Note that δ x ≥ 2 for a neighbor x of u in Q 1 or a neighbor of v in Q 2 . Then
Similarly, ∂f (x,y) ∂y Lemma 2. Let G 1 and G 2 be the connected graphs shown in Fig. 1 , 
Similarly, ∂f (x,y) ∂y
Result
Let G be a tree. A path u 1 u 2 . . . u r in G is said to be a pendant path at , w) be the distance between z and w in G.
Let T(n) be the set of n-vertex trees with n ≥ 4. Let T n be the tree obtained by attaching 
with equality if and only if G ∼ = T n .
Proof. It is easily seen that
Suppose that G is a tree in T(n) with the maximum general sum-connectivity index. We only need to show that G ∼ = T n .
If n = 4, 5, 6, and G ̸ ∼ = T n , then there is at least one pendant path of length 1 in G, and for one such pendant path, by Lemma 1(i), we may get a tree in T(n) with larger general sum-connectivity index, a contradiction. Thus, G ∼ = T n for n = 4, 5, 6. Suppose in the following that n ≥ 7.
, which is obtained by deleting the edge v 1 v 2 and adding the edge v 1 v n−3 , we have by Lemma 1(ii) that χ α (G) < χ α (G 1 ), a contradiction. Thus G ̸ ∼ = P n , and there are some pendant paths at a vertex, say z, in G. Obviously, d G (z) ≥ 3. By Lemma 1(i), all the pendant paths in G are of length at least 2.
Suppose that there is at least one vertex different from z with degree at least 3 in G. We may choose such a vertex, say w, such that d G (z, w) is as small as possible. If d G (z, w) = 1, then making use of Lemma 2 for G 1 = G with u = w and v = z, we may get a tree in T(n) with larger general sum-connectivity index, a contradiction. If d G (z, w) ≥ 2, then making use of Lemma 1(ii) for G 2 = G with u = z and v = w, we may get a tree in T(n) with larger general sum-connectivity index, also a contradiction. Thus, z is the unique vertex with degree at least 3 in G.
Note that the pendant paths at z have length at least 2. If there is a pendant path, say Q , at z with length at least 4, then denoting by z
, and making use of Lemma 1(ii) for G 2 = G with u = z and v = z ′ , we may get a tree in T(n) with larger general sum-connectivity index, a contradiction. Thus, the lengths of the pendant paths at z are 2 or 3. Suppose that there are two pendant paths at z with length 3. Denote by z 1 and z 2 the pendant vertices (vertices of degree 1) of the two pendant paths, and by w 1 the neighbor of z 1 . Let G 2 be the graph obtained by deleting the edge z 1 w 1 and adding the edge z 1 z 2 . Obviously, G 2 ∈ T(n). It is easily seen that χ α (G 2 ) = χ α (G). Note that there is a pendant path at z with length 4 in G 2 , and by arguments as above, we may get a tree G ′ ∈ T(n) such that χ α (G ′ ) > χ α (G 2 ) = χ α (G), a contradiction. Thus, there is at most one pendant path at z with length 3 in G. Then G is a tree with the unique vertex z of degree at least 3 and of the pendant paths (at z), at most one has length 3 and all the others have length 2, i.e., G ∼ = T n .
